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Denisty variation in pseudo-steady plastic flow 
of granular media 

A. DRESCHER* and R. L. MICHALOWSKIt 

In the Paper two pseudo-steady problems of plane 
plastic flow of dilatant material are considered, and 
the distributions of densities within the deforming 
regions determined. The kinematic solutions discussed 
are characterized by dilation occurring exclusively ac- 
ross velocity discontinuity lines, that are treated in the 
analysis as shocks. The first problem is that of flow of 
granular material through a hopper, and the kinematic 
solution suggested by Drescher, Cousens & Bransby 
(1978) is used. It is shown that in the radial flow zone 
the density distribution is non-uniform. As a second 
problem, the indentation of a wedge into a ponderable 
half-space is considered, and a kinematic solution 
similar to that proposed by Hodge (1950) is adopted. 
It is found that regions with different density exist. An 
upper limit load for the process of wedge indentation 
is determined, and the solution for weightless material 
is compared with that given by Shield (1953). A 
comparison with some of the experimental results 
obtained by Butterfield & Andrawes (1972) is also 
given. Further, it is shown that the interpretation of a 
velocity discontinuity line as a shock in incipient flow 
problems yields an additional condition imposed on 
the kinematic admissibility of the solution. 

Deux problemes d’ecoulement plastique pseudo- 
stationnaire sont ttudies en vue de determiner la 
repartition de la densite au sein des regions 
deform&es. Les solutions cinematiques sont 
caracterisees par l’existence dune dilatance, presente 
uniquement le long des lignes de discontinuite de la 
vitesse. La particularitt de cette etude est de traiter les 
discontinuitts de la vitesse comme des chocs. Le pre- 
mier probleme est celui de l’tcoulement d’un mat&au 
granulaire dans un silo. Utilisant la solution 
cintmatique de Drescher, Cousens & Bransby (1978), 
on montre que la repartition de la densite dans la zone 
d’tcoulement radial n’est pas uniforme. Le second 
probleme traite de l’indentation d’un coin dans un 
demi-plan pesant. Adoptant une solution cindmatique 
semblable a celle proposee par Hodge (1950), on 
trouve que des regions de densites differentes existent. 
La solution theorique est comparee avec les resultats 
experimentaux obtenus par Butterfield & Andrawes 
(1972). On determine tgalement une borne superieure 
de la force necessaire pour enfoncer le coin; pour un 
mattriau non-pesant, la borne superieure est 
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comparte avec celle de Shield (1953). On demontre 
egalement que I’interpretation d’une ligne de 
discontinuite de la vitesse comme un choc, dans les 
problemes d’initiation de l’ecoulement plastique, con- 
duit a une restriction sur l’admissibilite cinematique de 
la solution. 

INTRODUCTION 
This Paper deals with the variation of density of 
granular media treated as rigid-perfectly plastic 
solids, in some cases of quasi-static, pseudo- 
steady plane deformation. 

The theory of plane plastic flow of granular 
media, as originated by the work of Drucker & 
Prager (1952) and Shield (1953) is virtually a 
straightforward extension of the theory of plastic 
deformation of ductile materials, such as metals. 
Accordingly, the theory is based on the concept 
of the yield condition and the potential how 
rule. However, in the case of granular media, as 
opposed to metals, the yield condition depends 
on the mean stress. If the flow rule is postulated 
as being associated with this yield condition, the 
theory predicts dilation of the material under 
shear. Numerous experiments performed on 
dense soils, and other granular materials, indi- 
cate that indeed shear induces dilation. but 
less than that resulting from the theory. To 
account for the actual dilation, non-associated 
flow rules have been postulated (Hill, 1950; 
Jenike & Shield, 1959; Radenkovic, 1961; 
Mroz, 1974) with the plastic potential deviating 
from the yield condition. The extreme case, that 
of incompressibility, is enforced if the plastic 
potential does not depend on the mean stress. 

If a granular material, although virtually 
discrete, is treated as a one-phase continuum, 
dilation is equivalent to the decrease of its rep- 
resentative density p, defined as 

p = &iWi 

where h is the density of each constituent and 
w, is its volumetric contribution; C w, = 1. 

In the solutions of plane plastic flow, the 
variation of the density within the deforming 
region is usually not considered, because most of 
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the solutions apply to the so-called incipient 
flow problems. In this class of problems, the rate 
of dilation rather than the density can be deter- 
mined. The density distribution can be obtained, 
however, for steady or pseudo-steady problems, 
if the kinematic solution is known. 

This Paper determines the density distribution 
in a pseudo-steady plastic flow of a granular 
material through a plane hopper, and in a 
pseudo-steady process of indentation of a plane 
wedge into a granular half-space. 

A kinematic solution for the flow in a plane 
hopper has been suggested by Drescher, 
Cousens & Bransby (1978). A static and 
kinematic solution of the problem of wedge 
indentation into a weightless granular medium 
obeying the associated flow rule was obtained by 
Shield (1953), whereas a similar problem for 
ponderable material and non-associated flow 
rule was considered by Drescher, Kwaszczynska 
& Mroz (1967). Valuable experimental results 
were also presented by Butterfield & Andrawes 
(1972). In the present Paper, simple kinematic 
solutions, similar to those suggested for metals 
by Hodge (1950), are discussed. These solutions, 
as well as the solution for the flow through 
hoppers, are characterized by dilation occurring 
exclusively across strong velocity discontinuity 
lines, separating regions of rigid-motion or 
incompressible deformation. Limitation to 
particular kinematic solutions was chosen de- 
liberately to analyse in detail the density varia- 
tion across discontinuity lines that are common 
in many plane strain boundary value problems. 
In the analysis, the discontinuity is treated as a 
‘shock’, across which both the velocity and the 
density experience jump. It is shown that the 
density of the material discharged from the hop- 
per is not uniform, as was assumed by Drescher 
et al. (1978). In the case of wedge indentation, 
besides evaluation of the densities within the 
flow domain, an upper limit load for ponderable 
material is given. 

DENSITY VARIATION ACROSS STRONG 
VELOCITY DISCONTINUITY LINE 

The kinematics of plane-strain boundary- 
value problems for a rigid-perfectly plastic 
isotropic material is formulated in terms of 
velocities relative to some boundary velocity (cf 
Hill, 1950). As the equations governing vel- 
ocities are hyperbolic, strong velocity discon- 
tinuities are admissible. For a dilating granular 
material, obeying the potential flow rule and the 
Mohr-Coulomb yield condition, the jump in 
velocity across a discontinuity line [V] satisfies 

the equation 

[Vn]=[Vt]tanv (2) 

where [V”] and [V] are the normal and tangen- 
tial components of the velocity jump [V] respec- 
tively, and v is the angle of dilation if the 
non-associated flow rule is assumed. For the 
associated flow rule v = 4, where 4 is the angle 
of internal friction (cf Shield, 1953; Davis, 
1968). 

In plasticity of granular media, the velocity 
discontinuity line is usually interpreted as a 
mathematical approximation of a thin, but finite, 
material layer, across which the velocities ex- 
perience rapid change and the layer dilates. The 
concept of a thin layer is introduced to preserve 
finite dilation of the material in incipient flow 
problems; for zero thickness of a material layer, 
the jump in the normal component of the veloc- 
ity would produce separation or an infinite rate 
of dilation. In steady or pseudo-steady prob- 
lems, however, the discontinuity line cannot be a 
material layer, since with elapsing time the par- 
ticles travel across the discontinuity. It is un- 
necessary, therefore, to assign any thickness to 
the layer, and the velocity discontinuity can be 
regarded as a shock in the dilating material. The 
relation between the jump in velocity and in 
density results directly from the principle of 
mass conservation applied to a strong velocity 
discontinuity or shock. For a stationary discon- 
tinuity line, the well-known continuity condition 
for the flux of matter is (cf Mises, 1958; 
Thomas, 1961) 

or 
PIVI” = P2Vzn (3) 

[pV”] = 0 (4) 

where Vi” and V," are the normal components 
of the velocities Vi and V, (Fig. l(a)) of the 
material on both sides of the discontinuity, p, 
and p2 are the corresponding densities, and the 
square brackets in equation (4) denote the jump 
(Fig. l(b)). Thus, any normal jump in the veloc- 
ity is associated with a jump in density; for a 
positive jump [V”] in the direction of flow, the 
density decreases, and the material dilates. Equ- 
ation (3) holds for non-steady flow also, with the 
velocities in equation (3) measured with respect 
to the moving discontinuity. Denoting the speed 
of propagation of the discontinuity line by V,, 
equation (3) becomes 

Plwl”- V,“) = P*W*“- V,“) (5) 

where V," is the normal component of V,, and 
the velocities are measured with respect to a 
fixed reference system (Figs l(c) and l(d)). 
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Fig. 1. (a) and (b) Stationary velocity discontinuity; 
(c) and (d) velocity discontinuity as a shock in the 
velocity field; (e) and (f) velocity discontimity as a 
shock propagating into the material at rest 

Equation (5) was used by Cowin & Comfort 
(1982) in the analysis of propagation of a one- 
dimensional rarefaction wave and condensation 
shock in a granular material flowing gravitation- 
ally through a vertical channel. Combining 
equation (5) with the equation of momentum 
conservation across the discontinuity, Cowin & 
Comfort obtained an expression relating the 
speed of propagation of the discontinuity to the 
jump in normal stresses and in densities of the 
material. In an earlier paper by Cowin & Nun- 
ziato (1981), a theory of dilatant waves in 
granular media was suggested. In the present 
Paper, however, equation (5) is considered sol- 
ely as a condition relating the velocity and the 
density jump across a velocity discontinuity, 
which otherwise results from the theory of 
quasi-static plastic flow of granular media. In 
particular, equation (2) for the velocity jump 
still holds. 

If the kinematic solution for the velocities V1 
and V, on both sides of the discontinuity is 
known, and the speed of propagation V, is 
given, equation (5) can be used to determine 
one of the densities, p1 or p2. Alternatively, the 
normal component of the speed of propagation 
V,” can be found if p, and p2 are known. In 
incompressible flow, where p, = p2 and V,” = 

V” the normal component of the speed of 
prikagation is not related to the density and is 
governed solely by the boundary condiiions of 
the problem. For a dilatant material 

v n = VI”- V,“P,lP, 
D 

1 - P2lP1 

and the magnitude and the direction of V,” 
depends on the magnitude of pl, pz, V,” and 
V,“. 

Although the above consideration was de- 
voted primarily to evaluation of densities across 
the velocity discontinuity lines in steady and 
pseudo-steady flow problems, it may be interest- 
ing to extend the analysis to incipient flow 
problems. In many incipient flow problems, the 
plastically deforming region is separated by a 
strong velocity discontinuity line from the region 
at rest. Examples are the punch indentation 
problem (bearing capacity problem) and motion 
of a rigid wall into a granular mass (retaining 
wall problem). Dilation of the deforming mater- 
ial results in p2/p1< 1, where p1 is the initial 
density of the material. Since the velocity of the 
region at rest is zero, V1 = 0, and the velocity 
jump is directed into the plastic region, equation 
(6) indicates that the velocity discontinuity line 
should propagate in the direction opposite to 
V” i.e. propagate into the material at rest 
(Fi& l(e) and l(f)). Propagation is physically 
possible provided the material outside the plas- 
tified region is not rigid. Thus, the interpretation 
of the velocity discontinuity in incipient flow 
problems as a shock imposes an additional con- 
dition on the kinematic admissibility of the solu- 
tion. In view of this condition, some of the 
solutions where the velocity discontinuity be- 
comes tangent to a rigid wall or base would be 
kinematically inadmissible (e.g. Mandel & 
Salencon, 1972). Obviously, this condition does 
not have to be met if the concept of a thin layer 
is retained. 

In the following sections, equation (5) is used 
to determine the variation of the density in two 
pseudo-steady, plane-strain problems. 

PSEUDO-STEADY FLOW THROUGH A 
PLANE HOPPER 

Most of the experimental and theoretical 
work on flow of granular media through hoppers 
and bins refers to the advanced stage of dis- 
charge and steady state of flow (cf. Pariseau, 
1970; Bransby, Blair-Fish &James 1973; Perry, 
Rothwell & Woodfin, 1976; Brennen & Pearce 
1978; Spink & Nedderman, 1978; Nedderman 
& Tiiziin, 1979; Tiiziin & Nedderman; 1982). 
Steady state can be assumed if the bin section of 
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Fig. 2. (a) Geometry of flow pattern in a plane 
hopper; (b) hodwaph 

the bunker is tall, or the bunker or hopper is 
short but the material is continuously supplied 
to compensate for the material discharged 
through outlet. 

Advanced, non-steady flow through a plane, 
mass-flow hopper was studied by Drescher et al. 
(1978). Experimental observations by means of 
X-ray technique revealed a pseudo-steady pat- 
tern of flow. In the upper portion of the flowing 
mass, two almost rigid regions form, with vel- 
ocities in each region nearly constant and paral- 
lel to the hopper walls, and with uniform density 
pO. A distinct curvilinear boundary separates 
these regions from the zone below, where the 
velocities of particles are approximately radial 
and the density is lower than p. (see Fig. 2(a)). 
Although both dense and loose zones shrink 
with progressive discharge, the separating 
boundary preserves radial geometrical similarity. 
As the directions of the velocities also remain 
virtually unchanged during discharge, the pat- 
tern of flow can be regarded as geometrically 
self-similar, and the process of flow as pseudo- 
steady. To describe mathematically the observed 
flow pattern a kinematic solution was suggested, 
based on a rigid-perfectly plastic model of the 
material. The boundary between the dense and 
loose zones was treated as a strong velocity 
discontinuity line, across which the velocities of 
particles change direction and the material di- 
lates. The corresponding hodograph for the par- 
ticles crossing the discontinuity line is shown in 
Fig. 2(b). In the radial flow zone, incompressibil- 
ity was assumed, resulting in the velocity field 

V, = A(B)/r (7) 

where A(0) is a function of 8 only. 
This solution was treated by Drescher et al. 

(1978) as a kinematic solution for unsteady, 
geometrically self-similar flow in hoppers. Ac- 
cordingly, the density of the material in the 
radial flow zone was computed under the as- 
sumption of uniformity. This interpretation, and 
the magnitude of the density obtained, are in 
fact erroneous, because the propagation of the 
velocity discontinuity line was disregarded. 

To derive an expression for the density dis- 
tribution in the radial zone, besides knowing the 
velocity jump resulting from the hodograph, the 
speed of propagation VP of the discontinuity line 
has to be known. Geometrical similarity requires 
the speed V, to be radial pointing towards the 
apex, and so distributed along the discontinuity 
that at any given time t the geometry of the 
discontinuity is proportional to the characteristic 
radius r,* (see Fig. 2(a)). The equation for the 
discontinuity line is 

r* = rc* exp 
I 

B 
tan (‘I + v) d0 (8) 

) 

where v is the angle of dilation of the material 
and the angle q is shown in Fig. 2(b). Thus V, is 
given by 

e 
V, = VPc exp 

I 
tan (n + v) dtJ (9) 

1 

where VP’ is the speed of propagation at point 
C. The components normal to the discontinuity 
line of the velocities above and below the dis- 
continuity, V,," and If,*", and the normal com- 
ponent of the speed of propagation V,,“, are 

V,” = V,, sin (8, + p + 9) 

Vr*” = V,” sin (8 + p + $) (10) 
VP”= V,sin(e+B+4) 

Using the expression for V,” derived by 
Drescher et al. (1978), and equations (S), (9) 
and (lo), the density p below the discontinuity 
can be expressed as equation (11) shown in 
Fig. 3, where f3 and I(, are shown in Fig. 2(b). 

Equation (11) indicates that the density p 
below the discontinuity line is not constant, 
but varies with the angle 8. As in the radial 
flow zone, incompressibility is assumed, the 
density variation with 0 must remain un- 
changed down to the outlet, i.e. the density 
distribution in the radial flow zone is non- 
uniform, although it depends on 8 only. 

The variation of p with 0 depends on the 
unknown ratio V,/V,‘. It is possible, however, 
to compare the density variation in the steady 
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Fig. 5. Simple kinematicaUy admissible mechanism of wedge indentation 

and the lip AB can be expressed as 

d=OD cosn+- 
( 

sin n 

tan (Y, ) 
(13) 

where OD is equal to Vat. The rate of increase 
of the distance d is 

Vocosq+V1sin(n+a,+v) 

Hence, after time t the distance d is equal to 

d=t[Vocosr)+V1sin(n+al+v)] (14) 

By combining equations (13) and (14), the angle 
n can be expressed as 

tan q = 
sin(ol,+v) 

cos(a!r+I3+u) 
(15) 

sin f3 tan cyr 
-cos(a,+v) 

In the problem considered, the normal speed 
of propagation of the line BD is uniquely related 
to the velocity V, of the wedge (Fig. 5) and is 
equal to V, cos or. The material dilates passing 
through the discontinuity BD, and its density pl, 
computed using equation (S), is 

p”,1+ sin f3 sin 1, 
(16) 

PI cosalcos(al+~+v) 

The density of the material in the region ABD 
is uniform and constant at any instance of inde- 
ntation. The deformation of the originally 
square grid is shown on the left-hand side of Fig. 
5. It can be shown that the formula for the angle 
n (equation (15)) may be derived directly from 
the principle of mass conservation, which re- 
quires the mass originally occupying the triangle 
OBD, m = pOSoBD, to be equal to the mass of 
the deformed region ABD, m = plSABD, where 
p1 is given by equation (16) and S stands for the 
area of the triangles. 

A kinematically admissible mechanism with 
two rigid-motion regions separated by a discon- 
tinuity line is shown in Fig. 6. The velocity V, of 
the region ACD is described by equation (12); 
the velocity V, of the region CBA and the 
velocity jump [V] along the line AC are 

v*= v, 
cos((w,-011-~-2Y) 

cos((Y*-03+S+2u) 
(17) 

WI= V, 
sin (w- 0~~) 

cos(CY2-cX3+~+2u) 
(18) 

The expression for the angle n cannot now be 
obtained explicitly. Defining angle .$ as shown in 
Fig. 6, the distance d between the vertex D and 

Fig. 6. KInematIcaUy admissible me&a&m for wedge indentation, 
consisting of two rigid-motion regions separated by a shock 
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the lip is 

and the rate of increase of d is 

V0cosn+VVZsin(r)+~2+V) 

The angle n has to be determined from the 
equation 

V,-- ‘lnr) Vzsin(n+012+Y)=0 
tan 5 (19) 

where Vz can be expressed as a function of V,, 
using equations (17) and (12), and 6 is described 
by 

tan 5 = (cos 0-B sin q)/(B cos q + sin p) 

B= 
cos (/3 + a1) cos (q + p - 013) 

sin(a,+q)~os(a~-al-P) 

In order to determine the density variation 
within the deformed material, the speeds of 
propagation of the discontinuity lines have to be 
known first. Fig. 7 shows the expansion of the 
flow region related to the time increment At. 
Using geometrical relations from the hodograph 
in Fig. 7, the normal components of the speeds 
of propagation of the discontinuity lines DC, CB 
and CA can be expressed as 

V,“= V”COS(Y, 

V eBn = V, sin c&an .$ 

V cAn = V, sin @ cos (/3 + 6 - cy&cos (p + 6) 1 

(20) 

where 

tanS=Dsinn/(l-Dcosn) 

D = cos (0 + S)/[cos 5 cos (n - fi)] 

Three regions with different densities can be 
distinguished in the flow domain ABCD (Fig. 6): 
region DCF with the density pi, region CBA 
with the density pz and region ACF with p3. The 
material in the triangle DCF originally occupied 
the area DCO. The dilation of this material 
occurred across the propagating line DC. Simi- 
larly, dilation of the material in the region CBA, 
which originally occupied the triangle CBG, oc- 
curred exclusively across the line CB. Material 
in the narrow area ACF, however, first dilated 
along the line CB and then was subjected to 
additional dilation while passing line AC (it is 
clear from the hodograph that the normal com- 
ponent of the speed of propagation of the line 
AC is larger than the component of V, normal 
to AC). The densities pr, pz and p3 can be 
obtained from equations (5) and (20). The 

Fig. 7. Jkpansion of the flow regions related to the 
tfme increment At 

density p1 in the region DCF is described by 
equation (16); the density p2 in CBA is given by 

p”,1+ sinPsinvtanEcos(cy,-cyi-P-2v) 

PZ sin~,cos(~1+~+~)cos(~z-~g+@+221r) 
(21) 

and p3 in the area CFA by 

07 A-cos(B+S-a~)cos(~~,+R+v) _ 
P2 sin (Ye sin (ai + v - S) 

(22) 

where 

A=cos@+S) 

xcos((Y,--(Yg+p+2v)cos((Y2-(Y3+~+v) 

cos (oIz-a3+p +2v) 

(22a) 

The deformed grid shown on the left-hand 
side of Fig. 6 was obtained for a material with 
the angle of dilation v = 15”. For the initial 
density of the material p,, = 1.8 x lo3 kg/m3, the 
resulting densities in the regions DCF, CBA and 
ACF are p, = 1.43~ 103, p3= 1.47~10~ and 
ps = 0.96 X lo3 kg/m3. The value of p3 seems to 
be unrealistic. Assuming, however, that the dila- 
tion angle of the material within the flowing 
region is lower than that of the virgin material, 
say vz.=5’, the density pi remains unchanged, 
whereas pz = 1.48 x lo3 kg/m3 and p2 = 1.29 x lo3 
kg/m3. In the derived formule in such cases the 
angle v should be substituted by vi (dilation 
angle of the virgin material) and in equations 
(17), (18), (21) and (22(a)) 2v should be substi- 
tuted by vi + vz. 

These mechanisms may serve to estimate the 
upper bound of the limit load of the wedge. In 
such cases, however, it is imperative that the 
potential in the flow rule is identified with the 
yield condition (v = 4). The following analysis is 
restricted to the second mechanism only. The 
total rate of external work consists of the rate of 
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Fig. 8. (a) Upper limit force versuS depth of indenta- 
tion of a wedge into a ponderable (line A) and 
weightless material (line B), and the solution obtained 
by Shield (1953) using the method of characteristics; 
(b) dimensionless mean pressore on a wedge flank 
versus half-angle @ for a kinematfcaUy admissl%le 
me&a&m in wbicb the moving boundary was post- 
ulated to be identical to that from the solutfon of 
Shield (1953) 

work of the indentation limit load and the rate 
of work of body forces. Since the densities in the 
regions DCF, CBA and ACF are different, the 
body forces will vary accordingly. The rate of 
dissipated work consists of the rate of work 
along three discontinuity lines: DC, CB and CA 
(Fig. 6). The total limit load P, can thus be 
expressed as 

P,V,/2 = g[p1SDCF+pp3SACF)IV1 sin (ai +4) 

+ gp,SCBA V, sin (cyZ + 4) 

+ DCcVi cos 4 + CBcV, cos 4 

+CAc[V]cos4 (23) 

where c is the cohesion of the material, g = 
9.81 m/s*, S stands for the area, and DC, CB and 
CA are the lengths of the discontinuities. Vel- 
ocities VI, V, and [V] in equation (23) can be 
expressed as functions of V,, using equations 
(12), (17) and (18), and the areas of the regions 
with different densities, SDCF, SACF and SCBA, 
and the lengths DC, CB and CA can be derived 
from the geometrical relations in Fig. 6. 

In Fig. S(a) some computational results are 
presented. Line A shows the total force P, ver- 
sus the depth of indentation of the wedge below 
the original surface of the half-space. The fol- 
lowing parameters were selected: the wedge 
angle 26 = 60”, initial density of the material 
PO = 1.8 x 10” kg/m”, 4 = 15” and c = 12 kN/m’. 
The angles (pi, (Y* and og were optimized in 
order to obtain the minimum value of the force 
P, (the least upper limit load). The values of (Ye 

Fig. 9. Geometry of the postulated kfnematically ad- 
missible mechanism (ABCD), and the me&u&m of 
Shield (1953) 

(i = 1,2,3) that correspond to (P,)"'" for a 
ponderable material vary with the depth of 
indentation; wedge indentation in a ponderable 
material is not a pseudo-steady problem (cf. 
Drescher et al., 1967). The mechanism, however, 
was assumed to be geometrically similar. Thus, 
in the example presented in Fig. S(a) the values 
of CX~ were fixed and obtained for (P,)“‘” for an 
indentation depth of 1 m (~yi = 14”, CQ = 25” and 
cy3 = 58”). Accordingly, line A does not repres- 
ent the least upper limit load. It was found, 
however, that the reference depth for (P,)"'" 
does not affect the results substantially. 

Line B in Fig. 8(a) shows the total limit load 
for a weightless material with 4 = 15” and c = 
12 kN/m’. In this case the problem is strictly 
self-similar, and one set of air independent of 
the depth of indentation, is obtained for 
(Pt)m’n(ol = 16”, c~,=26O and (~~=57O), and line 
B represents the least upper limit load. For a 
weightless material the total force obtained from 
the upper bound approach is lower than that 
obtained by Shield (1953) using the method of 
characteristics. Such a result seems to be incor- 
rect. However, there is no contradiction with the 
upper bound theorem of limit analysis because 
the slope of the moving boundary in both solu- 
tions is different (Fig. 9). Fig. S(b) shows the 
dimensionless mean pressure on the wedge hank 
as a function of the wedge half-angle /3 for a 
weightless material. The dotted line corresponds 
to the solution obtained by Shield, and the solid 
line to the kinematically admissible mechanism 
in which the boundary of the deformed material 
was assumed to be the same as in Shield’s 
solution. 

It is easy to extend this solution to a wedge 
with rough flanks. In this case the rate of work 
dissipated on friction along the wedge flank 
should be added to the total rate of work. 
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Fig. 10. Upper limit force for the postulated flow 
mecbmism versus depth of indentation, and the ex- 
perimental results after Butterfield & Andrawes 
(1972) 

Denoting the angle of the Coulomb surface 
friction by &,, the total limit load P: can be 
expressed as 

sin & cos ((Y 1 + 4) sin(B+4W)cos(4+a1+13) 1 (24) 
where P, is the limit force for a frictionless 
wedge (equation (23)). 

A comparison of the limit indentation force 
obtained from this solution, and the force ex- 
perimentally measured by Butterfield & An- 
drawes (Fig. 4(a), 1972) is shown in Fig. 10. In 
the computations the material parameters of the 
dense sand measured by Buttefield & An- 
drawes (1972) were used, and the associated 
flow rule was postulated. The curves in Fig. 10 
represent the results of computations for a fric- 
tionless wedge and the wedge which was de- 
scribed by Butterfield & Andrawes as smooth 
(&= 11.9”). Theoretical results for the latter 
differ substantially from the experimental meas- 
urements. However, the associated flow rule 
leads to an unrealistic dilation of the material in 
the flowing regions. 

CONCLUSIONS 
In the solutions of steady and pseudo-steady 

processes of plane plastic flow of dilatant granu- 
lar media, a strong velocity discontinuity cannot 
be treated as a material layer. Thus, it is un- 
necessary to assign any thickness to the discon- 
tinuity, which in turn, can be regarded as a 
shock. In the incipient flow problems, however, 
two interpretations of the velocity discontinuity 
are admissible. In the first, the discontinuity is 
identified with a thin material layer undergoing 
dilation. In the second, the discontinuity is 
treated as a propagating shock. The latter in- 
terpretation imposes an additional requirement 

al b) 

Fig. 11. Velocity discontinuity: (a) as a thin layer of 
material; (b) as a shock 

on the kinematic admissibility of the solutions: 
physical capability of propagation of the discon- 
tinuity. 

These remarks refer to theoretical solutions of 
plane plastic flow, and it is beyond the scope of 
this Paper to furnish physical justification in 
favour of one of the interpretations. It should be 
noted that the physical justification based on 
experimentally observed zones of concentrated 
dilation (rupture surfaces and shear bands) is not 
straightforward. In fact, both interpretations 
lead to a finite thickness of a dilated zone after 
some time (Fig. 11). The only difference is 
shown by a different expansion of the zone: 
either in the direction of the plastified region 
(Fig. 11(a)) or in the direction of the region at 
rest (Fig. 11(b)). 

In pseudo-steady flow, the neglect of propaga- 
tion of the discontinuity may result in erroneous 
calculation of the density variation, as was de- 
monstrated in the problem of flow of granular 
material through a plane hopper. 

A kinematically admissible solution was con- 
structed for the problem of pseudo-steady inden- 
tation of a wedge into a ponderable, dilating 
soil mass. This solution indicates that for 
computing the upper limit load, the density 
distribution has to be known at any instance of 
indentation. It also demonstrates that in prob- 
lems with an unknown boundary of the deform- 
ing region, a simple kinematic solution may give 
a lower limit load than does the method of 
characteristics. 
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